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Abstract—This paper presents a Compact Thermal Model
(CTM) for a multistage thermoelectric cooler (TEC) under the
assumption of 1D heat transfer in thermally isolated wedges.
The geometric parameters are used to form a linear system of
equations representing an equivalent thermal resistance network,
which can be solved to obtain temperatures at defined nodes. The
CTM was verified against high-fidelity COMSOL Multiphysics
simulations, demonstrating a relative error of less than 5% within
a central diagonal region of the heat flux and thickness design
space. While larger errors were observed at extreme combina-
tions of some parameters, the CTM maintained exceptional trend
fidelity across the majority of the design space, with Spearman
rank correlation coefficients (rho) exceeding 0.93 (p less than
0.001). These results confirm that the CTM accurately preserves
the global topology of the design space, making it a statistically
significant tool for rapid optimization.

Index Terms—thermoelectric cooling, compact thermal model,
radial architecture, thermal resistance network, multi-fidelity
optimization.

I. INTRODUCTION

Heat dissipation of microelectromechanical systems
(MEMS) is achieved through passive cooling at low power
levels. However, active cooling becomes a necessity when
power usage increases. At the microscale, traditional active
cooling methods become difficult to implement [1]. Coolers
utilizing the thermoelectric effect offer easier miniaturization
due to their solid-state nature.

A. Thermoelectric Effect

When a current flows through a junction of two dissimilar
semiconductors, the Peltier (Thermoelectric) effect causes
heat to be absorbed or released at the junction due to the
difference in charge-carrier energy levels. When arranged
appropriately, it forms a solid-state device capable of pumping
heat from one end to another. The governing equation for a
thermoelectric (TE) junction is given by

Qc=SIT. — K(T), - T.) — $I°R (1)

Here, Q. denotes the heat absorbed at the cold side of the
junction. The three terms represent the Peltier effect, thermal
conduction, and Joule heating, respectively. .S is the Seebeck
coefficient of the material that governs the TE effect while

K and R represent the thermal conductivity and electrical
resistance. [ is the current applied through them, while T
and T}, are the temperatures of the hot and cold sides of TEC.
In this work, the cold side (Q).) extracts heat and the hot side
rejects heat, defining them by operation rather than absolute
temperature.

B. Related Work

Microscale thermoelectric devices are used for many pur-
poses such as heating, cooling, and power generation. At this
scale, thermoelectric coolers (TECs) are mostly designed as
layers, and two primary design architectures exist: those that
transfer heat normal to the TEC layer and those that transfer
heat through the thickness of the layer [2]. Radial TECs
belong to the latter category and incorporate a modular and
asymmetric design.

In multi-stage TEC devices, each subsequent stage must
have a larger heat capacity to pump both the absorbed heat
and the heat generated by preceding stages. Increasing the
heat pumping capacity of subsequent stages usually requires
a larger surface area, creating a conventional pyramid-like
structure [3]. Conversely, a radial layout naturally expands this
cross-sectional area as stages move outward. This paper devel-
ops a mathematical model to calculate junction temperatures
for multi-stage radial TECs, drawing inspiration from thin-film
TEC modeling in [3].

II. METHODOLOGY: GEOMETRY
A. Geometry and Parameterization

The TEC is configured such that a single stage occupies a
concentric ring, with multiple stages stacked radially outward
(Fig. 1a). The TEC is located on top of the surface being
cooled, and between this layer and the TEC layer, an insulation
layer is required to electrically isolate the TECs (Fig. 1c). To
provide a low-resistance path for heat to reach the TECs, a
cylinder is placed in the center (Fig. 1g). TEC elements are
sandwiched between insulators in both radial and azimuthal
directions to keep the TE legs isolated, as shown in Fig. 1f.
Radial insulators are concentric rings of constant width while
azimuthal insulators expand radially as shown in Fig. le.
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Fig. 1. Geometric annotation figures for the radial TEC model: (a) wedge
top view, (b) interconnect (IC), (c) layers side view, (d) outerconnect (OC),
(e) azimuthal and radial insulators top view, (f) TEC element isometric view,
and (g) central cylinder. Distinct colors denote distinct material regions.

Inside a TEC element, there is a copper interconnect (IC)
shown in Fig. 1b that connects the p- and n-type TE legs
together. At the other end, a copper connector termed the
“outerconnect” (OC) joins the consecutive p- and n-type legs
between wedges, as shown in Fig. 1d, thereby simplifying the
wiring. All geometric parameters are listed in Table I, while
Table II lists the constraints they are subject to.

B. Dimensional Reduction

There are nine independent parameters per stage, resulting
in a problem complexity of O(9M). This leads to the “curse
of dimensionality,” making the solution space sparse at higher
dimensions. Therefore, we perform a dimensional reduction
by turning several parameters into ratios that depend on other
parameters, and fix these ratios across all stages. The ratio
parameters, which would be the independent variables of the
optimization problem are listed in Table III alongside their def-
initions. Table IV shows how to recover geometric parameters
from optimization variables. Wjg is fixed across all stages and
remains independent; thus, it is not reduced to a fractional
variable. W, ; expands radially and is not constant across
stages. Therefore, f; acts as an angular quantity, expressed in
terms of arc length, conveying the fraction of the total radial
area occupied by TE materials.

TABLE I
GEOMETRIC PARAMETERS

Symbol | Component / Description | Figure
Thicknesses (pm)
tTEC TEC layer 1c
tins Electrical insulation (TEC to generation layer) lc
tgen Heat generation layer lc
tic,s Copper interconnect 1b
toc,i Copper outerconnect 1d
Radii (um)
Thase Entire TEC array base la

Teyl Central cylinder 1g
Tin,i TEC element inner (excluding radial insulator) 1f
Tout,i TEC element outer (excluding radial insulator) 1f

Widths & Lengths (Radial Spans) (um)

L; TEC element length If
Wis,i Radial insulator le
Waz,i Azimuthal insulator (linear dimensions) le
Wic,i Copper interconnect 1b
Woe,i Copper outerconnect 1d

Angles & Azimuthal Spans (rad)

0 Single wedge la
Bic,i Copper interconnect 1b
Boc,i Copper outerconnect 1d

System Parameters
M [ Total number of stages (NT) [ la

III. METHODOLOGY: RESISTANCE CALCULATIONS
A. Resistor Arrangement

Thermal resistances of components depend on the heat
transfer direction, which is assumed purely radial, with no
azimuthal or vertical heat transfer occurring within the lay-
ers. Individual resistances of all conductors must be lumped
together to be used as the conduction term in the governing
equation. To model this mathematically, we select nodes that
connect these resistances, setting the temperatures at these
nodes as the unknowns of the system.

In this formulation, the boundaries between the azimuthal
and radial insulators serve as the representative nodes. Con-
sequently, the thermal resistances between these repeating
interfaces are lumped into a single resistor based on the
connectivity shown in Fig. 2. As illustrated in Fig. 3, the nodes
in the generation layer are vertically aligned with those in the
TEC layer; thus, interlayer heat conduction is modeled via
discrete thermal resistances connected between the top and
bottom nodes.

B. Thermal Resistances

For a material with thermal conductivity ~ and a variable
cross-sectional area, the thermal resistance is defined as,

L dx
m= [ .

Most subsequent resistance formulations in this work reduce
to the following standard integral:

2 1 1
/ —dx=—-1n
v QT a

When calculating the thermal conductivity of the TE legs,
we must divide the region radially into three separate parts
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TABLE 11
GEOMETRIC CONSTRAINTS

Formula

Wic,i + Woe,i < Li

Thase = Teyl + Efil (L1 + W\e,z) + Wis,m+1
2Wai < Tin,i0

0 < 7eyt < Thase

Reason

Avoiding interconnect - outerconnect contact
Radial span of all stages adding up to base radius
Azimuthal insulator must fit inside the element
Central cylinder must be contained in the TEC

TABLE IIT
REDUCED PARAMETER DEFINITIONS
Symbol | Name Definition Replaces | Bounds
N | No. of wedges N =27/0 0 (2, +00)
fL Length ratio fo=Lit1/L; L (0, 4+00)
fic,w IC width frac. fic,w = VVic/Li Wic (07 0~5)
ficx | IC thickness frac. ficx = tic/tTEC tic (0,1)

0,1
fiC,B = Bic/a ﬁic (071

fie,s | IC angle frac. )

foew | OC width frac. Joew = Woe/L; Woe (0,0.5)

foet | OC thickness frac. |  focr = toc/tTEC toc (0,1)

foe, | OC angle frac. foe,8 = BO‘S‘//H Boc (0,1)

fe Fill Factor fi=1— m Waz (0: 1)
TABLE IV

RECOVERY MAP

I(’) riginal Recovery Formula Notes
arameter
0 2w /N ' —
Tin,s Teyl + i- Wis + Z;;% Lj Tin,1 = Teyl + Wis
Tout,4 Tin,; + L; — MW
, L ei=1) — Thase = Tey — (M) Wig
Li b1 L= = =mya-m
Waz (1) (L—fg)-r0 Continuous radial func.
ic,i ficw + Li —
tic,i ficx - tTEC —
Bic,i Jic,p 0 Stage-independent
Woc,i foc,w : Li -
toc,z foc,t - tTEC -
Boc,i foe,5 - 0 Stage-independent

because cross-sectional area in the first and last regions is
reduced due to electrical connections:

o Region I containing interconnect: r € (7, rin + Wic)
o Region II without any connections: (7, + Wic, Tout — Woc)
 Region III containing outerconnect: (roy — Woe, T'out)

Table V summarizes all TEC layer calculations. Heat trans-
fer between nodes in the two layers is modeled as if heat passes
through a resistance equivalent to the area occupied by half of
each stage connected to the node. Thus, for the i™ node, the
area lies within the radial span (rin; — Li—1/2,7in; + Li/2)

which can be calculated using (r3 — r?), resulting

-1
Lio1\’ L\’
(rin,i 21) (m,i+2> @)

The central cylinder can be denoted as Node 0, a node
common to both layers (Fig. 1g). Hence, the resistance
between Node 0 and Node 1 of both layers is needed. The
standard formula (2) with limit » = 0 at the cylinder’s center
fails due to the singularity. Approximating via the solution
for volumetric cylinder generation, Tiener — Tsurt &,
and scaling for a wedge angle 6 (replacing 47 with 20), the

Qtins

Rve i =
' Kins0

Trec.i TTEC,i+1

Tenip.i Renip.i

Tenip.i+1

Area used for heat generation of node i

Fig. 3.
coupling.

Side-view resistor arrangement including chip layer and vertical

center-to-surface thermal resistance is:

1
20kt ®)
While Rgen0—1 for the generation layer follows directly
from the equation above, the TEC layer requires adding the
resistance of the first radial insulator in series, as it precedes
the first TEC element.

Rcy] =

1

RTEC 0—1 = 55, -
' 2of’ﬂgent'I‘EC

+ Ris,0 (6)
C. Electrical Resistances

The electrical resistance for a variable cross-sectional area
with resistivity p is given by:

L p-dx
x=0 A(ZII)
For the TE leg, we omit regions I and III for heat generation,
which is justified since region II bridges the IC and OC

electrical path, and current naturally follows the path of least
resistance. After solving the integral, we get

2ptE In (rout — Woc) (8)
e'tTEC(2ff - 1) Tin + Wic
The electrical connections transfer electricity mainly in the

azimuthal direction; thus, the infinitesimal strips are in parallel,
and the integration must be performed over the conductance.

nope 1 4
Gt = / e Lo te (”) ©)
r PTEGic T prESic T

Therefore, the resistances are,

R = (N

Re,TE,H =

Reje = _ pmfe (10)
tic In (7“" j::/V‘C )
Re,oc _ pTEﬁoc

toc In | —Tou—
oc Tout— Woe

(1)
)



TABLE V
THERMAL RESISTANCE EXPRESSIONS

Component Area Limits Final Expression (Original) Reduced Expression (Optimization Variables)
TE Leg I (RyTE1) 3 [9 strec(2f — 1) = Bic 'iic] (Tin, Tin + Wic) '\"TE[Q‘TE(‘(Q.fzf*U*ﬁxc‘l:] In (rm't:/vw) 7rKTEf/Tl_c[2f;Vflff.c 5 ficd) In (1 + fic’“’%)
) Tou— W ) (Tini L (1= foew) )
TE Leg IT (R.1e11) 170 - trec(2ff — 1) (Tin + Wic, Tout — Woe) KTE@_tTEf(ij —qyIn :‘:"‘+V‘;‘,“:‘) MTEtTEg/@“%) In (T 'T‘:ﬁ;llmib ))
- p ou in,i + L
TE Leg III (R, tem) 5[0 trec(2fF — 1) = Boc - toc] | (rout — Waoe, Tour) n»m[etmc(zfi—l>—ﬂoaoc1 In v-ou:—ivoc) "K’rufTEC[Zf/AL]*fm.afec.‘] In 7'“.,1JrLz(1ff«»c.w))
Interconnect (R ;c) - Bic - tic (Tins Tin + Wic) m In % m In (1 + fiew ran'l
Outerconnect (Rioc) 7 Boc - toc (rout — Woe, Tout) A | r<.urr3“\‘4’nc) ST 5T 0 (7o i s (+1L:foc,w)>
Radial Insulator (R, ;) r-0-trec Tout = Tout + Wis m In (%’;}V‘” ﬁ In (1 + ‘:V_;:L
Azimuthal Insulator (Ry,) | (1 — ff)0 - trgc -7 (Tin, Tout) m In 7;‘:""‘) m In (1 + Tﬁ—"
Chip layer (Rgen) 70 tgen (Pins Tout) b In (T, 5::') s n (1 + 'r-.[;ﬂ)
% 2 A. Generation Layer
Ritep, Ritep: . . .
vy AN A general node in this layer comprises four terms: two for
RLTE-p.ll .
R/ Rue/2 lateral heat transfer, one for vertical heat transfer to the TEC
Ry, R layer, and one for heat generation from the applied heat flux.
T .. AA o T . . .
ST Rige/2 W Rego/2 e The energy balance equation is given by:
Ry 1E-nnt
A Toenic1 — Tweni  Twenit1 — Twens
Rutin Rerennt gen,i—1 gen,t gen,i+41 gen,?
Ry, /2 Rgen,i— 1 Rgen,i
ANV
o2 (a) o2 Lateral In Lateral Out (13)
Tgen,i - TTEC,i
Rutept Rtepn Rerepm ey - - +Qgen,i - 0
Rve,i
Ra, Ry R., Ry
T WA Tis T VWA Tigie —
Rt Ryren Rt Rure, Vertical Loss
By /2 B2 Due to its closed topology, this layer lacks boundary con-
(b) © ditions. However, when formulating the equation for the first
e N Rone nf)de, the term Rgeni—1 = Rgen,o is replaced by Rgeno—1,
Tije ——ANN— AP Tiv1ic i Tit1ie given by (5)
(d) (e

Fig. 4. Step-by-step compaction of the thermal resistor network of a single
TEC element. (a) Original arrangement. (b) Parallel resistors in regions I and
III are absorbed into Ry tg-p,ym and RyTenym- (¢) Series combination yields
the total leg resistances Rirgp and Rytgn. (d) The five parallel branches
collapse into Rtg. (e) Series combination with the radial insulator gives Rtgc.

D. Lumping Resistances

The complete resistor arrangement from Fig. 2 is presented
in a simplified schematic in Fig. 4a. The corresponding cir-
cuit reductions from step (b) through step (e) are evaluated
sequentially using (12a)—(12d):

1 1 2

= = (122)
Ritepinew  FitEpr  Riic
Ritep = RitEpinew + BitEpnm + Ritepm  (12b)
1 2 1 1

— = + 12¢
Rrg  Riy  Rutep  Butea (12¢)
Rrgc = Rig + Ris (12d)

IV. FORMATION OF THE LINEAR SYSTEM

To find the temperature values at each node, we can set up a
system of linear equations by writing energy balance equations
for the three available types of nodes: generation layer nodes,
TEC layer nodes, and the central node.

B. TEC Layer

Substituting the reciprocals of the derived resistances into
(1) and applying the localized Joule heating allocations from
Table VI, the energy balance for a TEC layer node yields:

Tgen,i — Ty

C,t
+  Qni-1
Rve,i ——
From Stage i—1

- Qei =0 (14)
~—~

Into Stage 7

From gen. layer

where,
Qn,i—1 = Si—1li—1Trec,i—1 — Kti—1(Trec,i — Trec,i—1)
+ %Iiz_l(RTE—p,ifl + Rrpni-1) + If_lRe,oc,il]
_ Joule Heat at Hot Side
Qci = SiliT.; — Kt i(Treci+1 — Trec,i)
- %IZ-Q(RTE-p,i + RTBm,i) + IiZRe7ic,i:|

Joule Heat at Cold Side

15)

The Joule heating term carries a negative sign within the
subtracted cooling term (Q).) to correctly represent a net heat
addition to the local node. As with the chip layer, the first-node
substitution requires setting K ;1 = Ko = 1/Rrec,0-1
per (6). The conductances K, are obtained from the lumped
thermal resistances in (12d). For the final TEC node, applying



—@— Generation Layer
—&— TEC Layer
Boundary (Tg)

Temperature (K)

Node Index

(2)

wedge count.

TABLE VI
HEAT CONTRIBUTION BREAKDOWN FOR NODE Tc,i

Heat Contribution

100% x [?Re,ic,i

50% X (I Re,rE—pi + 12 Re TE—n.i)
100% x If,lRe,oc,iA

50%X(I7_ | Re. TBE—pi—1tl; 1Re,TE—n,i—1)

Component(s)

IC of Stage ¢

Legs of Stage ¢

OC of Stage (i — 1)
Legs of Stage (i — 1)

a constant temperature boundary condition (Trgc,nt+1 = T3)
shifts this known term to the right-hand side of the equation.
C. Central Node and Matrix Assembly

Denoting the central node temperature as Ty, we can write
the energy balance equation for this central node as:

Toeny —To | Trec, — To

Rgen,O%l RTEC,O~>1

- Qgen,o =0

The energy balance equations yield the linear system A -
T = B, where A is the coefficient matrix containing lumped
thermal resistances, T is the unknown nodal temperature vec-
tor, and B contains heat generation and boundary conditions.
In partitioned block form, this system is structured as:

Ago  Lo—si Lootec Ty Bg
LSiaO Agen Ave Tgen = Bgen (16)
Ltecso  Ave Atec | |Trrc Brec

Once solved, derived performance metrics such as total
electrical power input and coefficient of performance (COP)
are directly recoverable from the nodal temperatures and
electrical resistances.

V. RESULTS AND VALIDATION
A. Validation Setup

To validate the CTM, a MATLAB implementation was
compared against high-fidelity COMSOL Multiphysics simu-
lations. The geometry was managed via a parameterized Solid-
Works model connected through LiveLink, with COMSOL’s
MATLAB API automating the parametric sweeps.

The base case parameters are detailed in Table VII. The
model utilizes BisTes as the thermoelectric material, Cu for
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Fig. 5. Thermal and parametric error analysis: (a) Nodal temperature plot, (b) 2-D parametric sweep of relative error, and (c) relative error variation with
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TABLE VII
BASE CASE PARAMETERS
Parameter Value Parameter | Value

N 12 Jicw 0.1
M 3 ficx 0.6
Thase 10000 pm fie,8 0.5
tgen 50 pum oc,w 0.1
tTEC 150 um fnc,[ 0.6
tins 20 pm foc,ﬂ 0.5
Teyl 1000 um fe 0.9
fL 1.15

electrical interconnects, and SiOy and Al;Os3 as insulators. For
subsequent analyses, the maximum temperature serves as the
primary performance metric, and the relative error is evalu-
ated with respect to the cold reservoir boundary temperature
(293.15 K or 20°C).

The nodal temperature profile computed by the CTM is
illustrated in Fig. 5a. The temperature gradient between layers
is minimal due to the low thermal resistance afforded by
the high surface-area-to-thickness ratio. Furthermore, the first
two nodes exhibit identical temperatures owing to the low
inter-nodal thermal resistance driven by the relatively high
thermal conductivity of the silicon cylinder (150 W/(m - K)).
Computationally, a single CTM evaluation completes in ap-
proximately 83 ms in MATLAB, compared to approximately
2.2 minutes per COMSOL simulation, yielding a speedup of
roughly 1570x.

B. Valid Domain

Given that TEC thickness and heat load are the primary de-
sign drivers, a 2D parametric sweep was conducted (Fig. 5b).
A distinct diagonal band exhibits minimal error (< 5%),
with discrepancies increasing progressively as the parame-
ter combinations deviate from this region. This divergence
is hypothesized to stem from localized nonlinear behaviors
unaccounted for in the 1D framework.

The relative error variation with the wedge count N ex-
hibits a characteristic parabolic trend with a distinct minimum
(Fig. 5c¢), driven by competing geometric regimes. Small
values of N yield wide wedge angles that disrupt the 1D



COMSOL T,

a0 350

400
a4 [Wjm?)

COMSOL T

(b)

Fig. 6. 2D parametric sweeps comparison: (a) g vs ttec, (b) fr, vs Wi ;

radial flow approximation. Modest increases in [N narrow the
domain, properly enforcing radial conduction. Conversely, an
excessive wedge count sharply reduces the azimuthal insulator
width (W,;), permitting cross-wedge azimuthal heat transfer
that violates the radial flow assumption.

C. Trend Fidelity Analysis

Although 1D simplifying assumptions can introduce relative
errors, deploying the CTM as a design optimization tool
primarily requires the model to accurately capture high-fidelity
design space trends. To quantify this alignment, Kendall’s Tau-
b (75) and Spearman’s rank correlation coefficient (p) were
evaluated [4]-[6].

The statistical outcomes from several 2D parametric sweeps,
computed via the MATLAB corr function [7], are summa-
rized in Table VIII. The CTM demonstrates exceptional trend
fidelity (p > 0.93) across the majority of the design space.
Highly significant p-values (p < 0.001) confirm that the CTM
preserves the global trend structure, validating its suitability
for optimization tasks. This tracking behavior is visually con-
firmed by the side-by-side contours in Fig. 6, where the CTM
temperature variations closely mirror the COMSOL profiles
while exhibiting inherently smoother distributions due to their
underlying analytical formulation.

Discrepancies in this trend alignment primarily arise when
evaluating parameters that govern the insulation geometry,
such as fr and Wis ;. This degradation occurs at the extreme
bounds of the parametric sweep, which induce highly dis-
proportionate TEC geometries. For instance, an excessively
large fill factor (ff) results in ultra-thin insulation layers that
facilitate parasitic azimuthal heat transfer.

TABLE VIII
RANK CORRELATION SUMMARY OF DESIGN SPACE SWEEPS

Spearman (p) Kendall (1)
Sweep Parameters Value p-value Value p-value
fr vs Wi ; 0.9634 0.8440
frL vs ttec 0.9496 0.8174
fL vs q 0.9459 0.8242
Wis,i Vs trec 0.9907 0.9301
Wi s Vs q 09375 | <0001 | (gr95 | <0001
ff vs trec 0.9284 0.7507
q VS tTEC 0.8281 0.6505
frvsq 0.8163 0.6109
fr vs fy 0.1804 0.0724 0.1261 0.0635
fr vs Wiss -0.1387 0.1688 -0.0784 0.2491

VI. LIMITATIONS AND FUTURE WORK

The 1D radial heat flow assumption limits model accuracy to
moderate geometric configurations; at extreme parameter com-
binations, multi-dimensional thermal effects introduce larger
deviations.

The proposed radial multistage architecture is novel, and no
published experimental benchmarks exist; fabrication facilities
were also unavailable for this study. Experimental charac-
terization, formal optimization studies, and global sensitivity
analysis leveraging the CTM’s computational efficiency are
identified as natural extensions of this framework.

VII. CONCLUSION

This paper presents a Compact Thermal Model (CTM) for
radial multistage thermoelectric coolers (TECs) based on a
1D thermal resistance network. By modeling the device as
a series of thermally isolated wedges, the framework allows
for the rapid generation of nodal temperature profiles, bypass-
ing the computational intensity of traditional FEA methods.
The model shows high accuracy within nominal parameter
combinations, while statistical evaluation using Kendall’s Tau-
b and Spearman’s rank correlation confirms that the CTM
mirrors high-fidelity results with a correlation above 0.93. This
ensures that the design space topology is preserved, allowing
the model to be used reliably for optimization, even in regions
with higher relative error.
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